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Answer ALL questions.

Question 1

LetA={l, 2,4,6,8, ..., all positive multiples of 2},
B={l, 3,6, 9, 12, 15, ..., all positive multiples of 3} and
C=1{1, 9,18, 27, 36}.

(a) Describe the elements in the following sets concisely:
(1) B\A
(i) AnNB
(b) How many elements are there in the power set g (C x C)?

(c) Describe a bijective function from A to B.

(d) Is there a 1-to-1 function from B to C? If there are such functions, construct one such
example; otherwise explain the obstruction.

(e) Consider the relation R defined on A by the following: Foralla, b € A,
aR b < a divides b.

Is R an equivalence relation? Justify your reasoning.
(f) Determine the number of partitions of the following set, {0,1,2}. Justify your

reasoning.
(5x2)+5+5+5+ 10+ 5 =40 marks)

Question 2

1 2 3 1
Given that A :L s 6} ,B :L ﬂ and C, a matrix with real entries.

(a) Give two different orders of C where the product, AC exists.
(b) Determine all values of a such that the determinant of B is positive.

(c) Find all the inverse matrices of B.
(4 + 5+ 6 =15 marks)



Question 3
(a) Write the negation of the following statement by changing the relevant universal
quantifiers to existential quantifiers.

For all positive integers a and b, a divides b if and only if b divides a.

(b) Let p and g be statement variables. If pv ~ g is false, then determine whether or not
the following is true:
pA(pes ~q).

(c) Suppose we have a compound proposition which has 245 distinct statement variables.
How many different cases in a truth table do we have to examine in order to
determine whether or not the compound proposition is a tautology, contradiction or
contingency? Justify your answer.

(d) Let x be any rational number. Let P(x)be the predicate:
P(x): LxJ + L—xJ =0.

Recall that the symbol, I_xJ means the floor of the number, x. Determine whether or

not the following statement, Vx, P(x) is true. Explain your reasoning.
(5 + 10+5 + 5 = 25 marks)

Question 4
Consider the sequence {a,}, ., defined as follows:

a, =2a, , +n for all integers n >1,
a, =1.

3
(a) Compute Z“k'

k=0

3
(b) Compute Hak.

k=0
(¢c) Is a, =2"+k forall integers k >0? Justify your answer.

(d) Use mathematical induction to argue that a, =0 for all integers k = 0.
(5+ 5+ 5+ 15=30 marks)



Question 5

(a) A car dealer wishes to buy a used car for which the probabilities are 0.22, 0.36, 0.28
and 0.14, respectively, that he will be able to sell it for a profit of $250, sell it for a
profit of $150, break even, or sell it for a loss of $150.

(1) What is expected value of his profit?

(i) What is the standard deviation of his profit?

(b) Suppose we have a finite set of numerical data and each value is multiplied by 2 and
then added 5. What is the effect on the mean of the new set of data as compared to
the initial set of data? Explain your reasoning. Your argument should work for a
finite but general set of data.

((5+10)+ 10 = 25 marks)

Question 6
(a) A row of guns fires on a target one after another. Each has a probability 1/3 of
hitting the target on a given shot.

(i) Compute the probability that the third hit comes before the eighth gun fires.

(i) Suppose we fire 10 shots in total. Let X be the number of times we hit the
target. Compute the mean and variance of X.

(b) Suppose that 40% of all road accidents involve at least one of the drivers driving
over the speed limit and that 30% involve at least one of the drivers being drunk. If a
drunk driver is involved in an accident, then there is a 60% chance that at least one
of the drivers exceeded the speed limit.

(1) What is the probability that an accident involves over speeding and drunk
drivers?

(i) Assuming an accident involving over speeding has occurred, compute the
probability that one of the drivers is drunk.
((5+10) + (5 +5) = 25 marks)



Question 7

A security system requires its passwords to have exactly 6 characters of which 5 of them

must be alphabets (A, B,..., Z) and 1 of them is a digit (0,1,...,9). Assume that the

passwords are not case-sensitive.

(a) How many passwords are possible?

(b) How many passwords consist of three C’s, one D’s and end in an odd digit?

(c) Suppose we forget our password but remember that it has the characteristics
described in (i), what is the probability that we will guess the password correctly on

the first trial?

(d) What is the probability that AAAAAT is not a password?

(5 x4 marks =20 marks)

Question 8

(a) Let a and b be positive integers such that a = 17b + 3, where 3<b. Argue that the
greatest common divisor of a and b is either 1 or 3.

(b) Compute the least common multiple of 78936 and 35136.

(10 + 10 = 20 marks)
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